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ABSTRACT

In this article the three dominant philosophical interpretations of probability in mathematics education (classical, frequentist, and subjective) are critiqued. Probabilistic explorations of the debate over whether classical probability is belief-type or frequency-type probability will bring forth the notion that common ranges, rather than common points, of philosophical reference are inherent to probability measurement. In recognition of this point, refinement of subjective probability, into the dual classification of intrasubjective and intersubjective, and frequentist probability into the dual classification of artefactual and formal objective, attempts to address the nomenclatural issues inherent to subjective and frequentist probability being both general classifiers and particular theories. More specifically, adoption of artefactual and intersubjective probability will provide a more nuanced framework for the field to begin to heed the numerous calls put forth over the last twenty-five years for a unified approach to teaching and learning probability. Furthermore, the article proposes that “artefactual period” be adopted as a first approximation descriptor for the next phase of probability education. 

Introduction

Jones, Langrall, and Mooney’s (2007) probability chapter in the Second Handbook of Research on Mathematics Teaching and Learning (Lester, 2007) states: “With respect to probability content, the big ideas that have emerged…are the nature of chance and randomness, sample space, probability measurement (classical, frequentist, and subjective), and probability distributions” (p. 915). Further examination of the authors’ synthesis of (worldwide) curricula and current research in the field, coupled with a strict emphasis on the probability measurement perspective, provides evidence that the big ideas that have “emerged” in mathematics education are the classical and frequentist approaches to probability measurement, and not the subjective approach. This author does not disagree with Jones, Langrall, and Mooney’s point that with respect to probability content subjective probability is a big idea; rather, this author contends that the big idea has yet to emerge. For example, subjective probability “is not widely represented in mathematics curricula” (p. 947), and the authors “were not able to locate cognitive research on the subjective approach to probability” (p. 925). The profundity of these statements is in their simplicity. In accord with these recent findings, the purpose of this paper is to (1) critique nomenclature associated with probability measurement in mathematics education, and (2) investigate the current state of subjective probability.
Probability measurement literature exists in the fields of: philosophy (Gillies, 2000; Hacking, 1975, 2001), psychology (Coshmides & Tooby, 1996; Gigerenzer, 1994, 1996; Kahneman & Tversky, 1982; Tversky & Kahneman 1982a, 1982b), mathematics (Davis & Hersh, 1986), and mathematics education (Batanero, Henry, & Parzysz, 2005; Borovcnik, Benz, & Kapadia, 1991; Brousseau, Brousseau, & Warfield, 2002; Garfield & Ahlgren, 1988; Hawkins & Kapadia, 1984; Konold, 1989, 1991; Konold, Pollatsek, Well, Lohmeier & Lipson, 1993; Shaughnessy, 1992). Despite the literature presented, the state of probability measurement, this author contends, is in crisis. Reason being: Despite the variety of research, the common thread of nomenclatural issues is persistent, independent of academic field chosen. Thus, the theory of probability, which attempts to quantify the notion of probable, has developed (to its detriment) a number of concurrent definitions. In an attempt to critique these concurrent definitions this paper will employ and elaborate upon the idea “that a dual classification of interpretations of probability has been a feature of discussion of foundations of the subject since the 1840s” (Gillies, 2000, p. 19). 

While the analysis of dual classifications will provide the framework for discussion on probability measurement taxonomy, consideration of how others have influenced the current state of probability measurement within mathematics education will be addressed. This dualistic exploration begins with a preliminary examination of the state of probability measurement in the field of mathematics education. Next, the examination turns to a philosophical investigation of probability measurement. Finally, the examination returns to how mathematics educators have influenced, and are influencing, the topic. After the state of probability measurement in mathematics education is discussed, this article will focus on the subjective notion of probability measurement, its nomenclature, and its inherent influences from the field of psychology. 

The synthesis of internal and external influences, past and present, will abet conjectures about the inevitable emergence of these big ideas, and how (and if it will) influence probability beyond “Phase 3, the Contemporary Period” (Jones & Thornton, 2005, p.66). It will be contended that current probability measurement nomenclature used in mathematics education: (1) be further refined in order to reflect foundational philosophical issues, (2) adopt new expressions to more accurately describe the state of probability measurement in mathematics education, and (3) name phase 4 in probability education the “artefactual” (Gillies, 2000) period.
Probability Measurement Nomenclature in Mathematics Education

Certain authors in the fields of psychology (Coshmides & Tooby, 1996), philosophy (Hacking, 2001) and mathematics education (Batanero, Henry, & Parzysz, 2005) present in depth analyses on probability measurement, and are recommended to the reader. 

Within mathematics education, probability measurement is categorized into, but not restricted to, three different philosophical interpretations: classical, frequentist, and subjective. Despite this probability measurement trinity, textbooks concerned with teaching and learning of probability focus on the classical and frequentist interpretations.
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figure 1. dual classification: classical & frequentist probabilities

This dual classification in mathematics education (seen in figure 1) is derived from an epistemological division between empiricism and rationalism. For those who espouse rationalist philosophy, attainment of knowledge is the product of pure reason—truths are deduced a priori in the mind; however, for those who espouse empiricist philosophy, knowledge is based upon sensory perception—theory is built inductively. 

The classical interpretation of probability is deemed a priori probability because of its alignment with the rationalist perspective. Probabilities are calculated deductively without the need to conduct an experiment. However, what is not possible a priori is possible a posteriori. As such, the frequentist interpretation of probability is rendered a posteriori probability, and is aligned with the empiricist perspective where we know about things. In this context, one relies on their senses and sense perception in order to gain knowledge—rather than just relying on the discovery of what were deemed a priori truths. Moreover, while rationalists focus on deductive reasoning, empiricists focus on inductive reasoning based upon sensory perceptions.
Not explicitly placed within this dual classification in mathematics education is the third member of the probability measurement trinity, subjective probability. Subjective probability “describes probability as a degree of belief, based upon personal judgment and information about an outcome.” (Jones, Langrall, & Mooney, 2007). Based upon this definition “it is no longer assumed that all rational human beings with the same evidence will have the same degree of belief in a hypothesis” (Gillies, 2000, p. 1). Moreover, and foreshadowing a future dual classification, “probability is not objective in the material sense; probabilities are in the subject’s mind” (Jeffrey, 2004). The lack of explicit placement of subjective probabilities as a priori or the a posteriori definition of probability implies the state of subjective probability is a topic for debate; or, alternatively stated, there are probabilities associated with subjective probability being a priori or a posteriori probability. 

That being said, a number of different names have been given to describe subjective probability. Moreover, the classical and frequentist interpretations of probability are also not immune from a variety of names. Given that this can be a source of confusion, alternative names associated with each of the probability measurements are presented in table 1.

	Classical
	Frequentist
	Subjective

	a priori
	a posteriori
	Bayesian

	Theoretical
	Empirical
	Intuitive

	
	Experimental
	Personal

	
	Objective
	Individual


table 1. mathematics education probability measurement  nomenclature

Having provided some semblance to probability measurement terminology in mathematics education, attention is now turned to an examination of probability measurement from a philosophical perspective. 
Probability Measurement Nomenclature in Probability Theory


The nomenclatural issues that exist in mathematics education also exist in probability theory. Moreover, in most part the issues seen in mathematics education are derived from issues in probability theory. As mentioned, this paper will adopt the theme of dual classification as a framework for analysis of the state of subjective probability and probability measurement within probability theory. Providing a clearer picture of the philosophical underpinnings of probability measurement will attempt to provide a clearer picture of probability measurement in mathematics education. 

To begin this process the dual classification of a mathematical aspect and a philosophical aspect of probability is presented.  
The theory of probability has a mathematical aspect and a foundational or philosophical aspect. There is a remarkable contrast between the two. While an almost complete consensus and agreement exists about the mathematics, there is a wide divergence of opinions about the philosophy. With a few exceptions […] all probabilists accept the same set of axioms for the mathematical theory, so that they all agree about what are the theorems (Gillies, 2000, p.1).


This essential distinction between the mathematical and philosophical aspects of probability recognizes the notion that probability can be developed axiomatically, independent of interpretation. Hawkins and Kapadia (1984) present this notion as formal probability; and, furthermore, state that, “the probability is calculated precisely using the mathematical laws of probability” (p. 349). However, they do resign to mention that the mathematical basis for formal probability might be among the classical and frequentist probability—perhaps in an acknowledgment to the notion of “independent” of interpretation. Nevertheless, the first of the dual classifications within probability theory exists between the mathematical aspect the philosophical aspect, and is shown in figure 2.
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figure 2. dual classification: mathematical and philosophical aspects

For many individuals, including those not well versed in probability theory, formal probability (i.e., the mathematical agreement on axioms and theories) is subsumed by the classical interpretation of probability measurement. Chernoff (2007) denotes this lack of recognition between the mathematical and philosophical (or theoretical) aspects of probability as the Monistic Probabilistic Perspective, or MPP. Furthermore, Chernoff contends that although this monism may be acceptable when engaged in everyday discourse, using the word probability within an academic field requires the definition be more rigorous. In recognition of this point, the examination now turns to dual classifications within the philosophical aspect of probability.

While Gillies (2000) presents a crucial distinction between the mathematical and philosophical aspect of probability, a second dual classification, solely within the philosophical aspect of probability is presented by Hacking (1975):

…[P]robability…is Janus-faced. On the one side it is statistical, concerning itself with stochastic laws of chance processes. On the other side it is epistemological, dedicated to assessing reasonable degrees of belief in propositions quite devoid of statistical background (p. 12).


Similar to the MPP (i.e., a lack of recognition between the mathematical and philosophical aspects of probability), Hacking (2001) points out an analogous lack of recognition, solely within the domain of probability theory. He notes that until presented with the distinction between “belief-type” and “frequency-type” probabilities, the two are used interchangeably. More poignantly, Hacking points out that the dual classification, once recognized, of these two disparate ideas must be distinguished between; and “the distinction is essential…for all clear thinking about probability” (p. 127).  In line with this point of view, the distinction between belief-type and frequency-type probabilities is presented in figure 3.
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figure 3. dual classification: belief-type and frequency-type probabilities

Gillies (2000) points out that while this fundamental dual classification is recognized, and agreed upon by a large number of probability philosophers, what is not agreed upon is the nomenclature of these two groups. Similarly, Hacking (2001) points out the absurdity associated with how many names have been applied to the interpretations (see, for example, p. 133). Despite this recognition by both individuals, and, moreover, case in point: Gillies (2000) uses epistemological (or epistemic) and objective as names for this fundamental distinction, while Hacking (2001) uses belief-type probability and frequency-type probability; the latter of which will be adopted by this paper. A list of the more common names associated with this dual classification is presented in table 2.

	Belief-type probability
	Frequency-type probability

	Subjective
	Objective

	Epistemic
	Aleatory

	number 1
	number 2

	epistemological (or epistemic)
	Objective


table 2. probability theory probability measurement nomenclature.


Given that the classification issue has been touched upon, attention now turns to reasons for the dual classification into belief-type and frequency-type probabilities. The notion of objectivity will be used to show (1) the difference between belief-type and frequency-type probabilities, and (2) present further dual classifications within each of the two types of probability.


In the dual classification of probabilities, into belief-type and frequency-type, the word objective is used in a material sense. Alternatively stated, use of the term objective “takes probability to be a feature of the objective material world, which has nothing to do with human knowledge or belief” (Gillies, 2000, p.2). Thus, when dealing with the frequency-type interpretation of probability, one is talking about some physical property of say, for example, a coin. On the other hand, belief-type probabilities are “concerned with the knowledge or belief of human beings. On this approach probability measures degree of knowledge, degree of rational belief, degree of belief, or something of this sort” (p.2). Thus, when dealing with belief-type probabilities one must recognize that probabilities are in the mind of the subject. In essence, this dual classification is based upon a distinction between mind and matter; this notion should be treated as a means of classification, rather than a sacrosanct philosophical statement made by the author.


As Hacking (2001) notes, within the frequency-type interpretation of probability, a further dual classification between propensity theory and frequency theory can also be made. If an individual is to discuss the physical characteristics of a coin, then that individual needs to conduct some sort of experiment, such as spinning the coin. In doing so, statements made about the physical property of interest can be basic (e.g., the coin comes up heads more than it does tails), or the statement about the coin can be more specific (e.g., the relative frequency of heads is seven to ten); the basic statement is associated with the propensity theory, while the other more specific statement is associated with the frequency theory. 

As touched upon earlier, a second use of the word objectivity (i.e., objectivity, but not in the material sense) can be helpful in distinguishing the dual classification within frequency-type probability, and show that frequency theory is more objective than propensity theory. For example, saying that a head is more likely than a tail has more of an element of subjectivity (i.e., more likely by how much?) than saying, for example, the frequency of spinning a heads is seven to ten. As such, the author claims that there exists an element of objectivity solely within the frequency-type probability. Alternatively stated, within frequency-type probability (i.e., probability based upon objectivity in the material sense), there exists a further element of objectivity, which helps distinguish the further dual classification between propensity theory (being less objective) and frequency theory.

Similar to the distinction within frequency-type probability, Hacking (2001) notes that a further distinction between “personal” probabilities and “interpersonal” (p. 32) probabilities can be made within belief-type probability. For example, consider the following statement: “It is probable that I am taking the bus to work tomorrow.” The degree to which an individual believes in the proposition can be personal (e.g., “I am probably going to take the bus tomorrow”), or can be interpersonal (e.g., “in light of all the snow on the ground, I am probably going to take the bus tomorrow”). The latter example, based upon evidence, or logical connections is associated with the interpersonal belief-type probability, while the former example is associated with personal belief-type probability.

Again, a second use of the word objectivity (i.e., not in the material sense) can be employed to: show varying degrees of objectivity within belief-type probability, aid in the dual classification between personal and interpersonal probabilities, and provide contention that interpersonal belief-type probability is more objective than personal belief-type probability. Given that interpersonal belief-type probability is based upon relative evidence, and individuals, if given the same evidence, can arrive at the same degree of belief (which is further contended in the theory), a sense of objectivity is implied. The personal theory, on the other hand, does not have to be based upon evidence, or logic, and allows for individuality within belief-type probabilities. In other words, given the same type of evidence, personal probability accounts for individuals having differing degrees of belief in a proposition. As such, there exists less of an element of objectivity (i.e., more subjectivity) within the subjectivity, and this varying degree of objectivity within belief-type probability leads to the further dual classification between personal probability (as being less objective) and interpersonal probability.


The analysis of probability theory has produced the dual distinctions of: (1) belief-type probability and frequency-type probability, (2) propensity theory and frequency theory (within frequency-type probability), and (3) personal and interpersonal probability (within belief-type probability). While these dual classifications are shown in figure 4, it is important to note (as it will not be pictured) that these dual classifications were derived from a dual classification themselves: objectivity in a material sense and objectivity in a non-material sense. Gillies (2000) notes, this non-material sense of objectivity in the belief-type probabilities—and this author contends in the frequency-type probabilities—considers the objectivity associated with probability interpretations as in a Platonic sense. For example, some “regard probability interpretations as existing in a kind of Platonic world whose contents can be intuited by the human mind. Thus, this kind of theory, though epistemological, takes probabilities to be in some sense objective” (p. 20).
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figure 4. dual classifications of probability theory

The dual classifications into: mathematics and theory, mind and matter, personal and interpersonal probability, and propensity and frequency probability have created a framework too distinct for the nature of the discussion. The state of the philosophical aspect of classical probability will be examined in order to “blur the lines.” More specifically, the question of whether classical probability should be categorized, as a belief-type or frequency-type probability will be addressed. Interestingly: “On this point there is room for some debate” (Gillies, 2000, p.20). 


Given the exact position of classical probability is up for debate, the positioning of classical probability within the dual classifications presented will be argued probabilistically. The author contends that the forthcoming probabilities are personal belief-type probabilities, and leaves the question of whether or not interpersonal belief-type probability could apply instead up to the reader. 

Through quasi-polysyllogistic reasoning (and perhaps through polysyllogistic reasoning, although not attempted), the classical interpretation of probability is more likely to be a belief-type probability, than a frequency-type probability. Reason being: The classical interpretation of probability is also known as a priori probability—a priori probabilities are those probabilities that can be intuited by the human mind—probabilities that are associated with the mind are belief-type probabilities. Therefore, it can be deduced that the classical interpretation is a belief-type probability. However, instead of claiming that classical probability is a belief-type probability, this author contends that classical probability is more likely to be a belief-type probability than a frequency-type probability. 

Given that the notion of classical probability can be seen as more likely to be a belief-type probability, the next step is to determine whether it is more likely to be a personal or interpersonal belief-type probability. The author contends that due to the Platonic sense of objectivity associated with classical probability: within belief-type probability, classical probability is more closely aligned with the interpersonal belief-type probability, rather than personal belief-type probability. As such, the author further contends that it is more likely that classical probability is an interpersonal belief-type probability, rather than a personal belief-type probability.

While the argument has been made that it is likely that classical probability is an interpersonal belief-type probability, one point, that has not been taken into consideration in the probabilistic argument presented above, is that classical probability may exist in a state in the midst of belief-type and frequency-type probabilities, which harkens to the notion that the classification of probabilities has been done in too rigid a manner.

While the debate over whether or not classical probability is belief-type or frequency-type probability has not come to any definitive conclusion, nor was it expected to, what has been concluded is that a continuous spectrum, or range, with overlapping states, rather than discrete positions, is, perhaps, a more appropriate framework for investigation of probability measurement in probability theory, as shown in figure 5.
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figure 5. the range associated classical probability placement


While the mathematical aspect of probability has a solid foundation, the philosophical aspect of probability, as shown, is burdened with fundamental epistemological issues (e.g., rationalist and empiricist, and objectivity). Within this disarray that is probability theory, analyzing dual classifications has aided in obtaining a clearer picture of the philosophy of probability. Furthermore, the debate over the relative positioning of classical probability has exposed the idea that recognition of a spectrum, or range, for analyzing the state of probability measurement, rather than discrete distinctions is more appropriate.


Shaughnessy (1992) notes, “different epistemological traditions in philosophy have led to different research traditions…[and] there is not a common point of philosophical reference in the research community” (p. 468). Perhaps ranges of philosophical reference in probability measurement are more appropriate than points. Given the current trend, in both probability and statistics education, of dealing with ranges rather than points, this notion of a range of philosophical reference seems quite apropos. With an awareness of the philosophical issues inherent to probability measurement, the field of mathematics education is revisited.

Probability Measurement Nomenclature in Mathematics Education: Revisited

“We are saddled with considerable baggage, both philosophical and historical, which can provide obstacles not only to our research in learning probability…but also our very ability to communicate results to other researchers” (Shaughnessy, 1992, p. 467). Given the examination of the state of probability measurement, Shaughnessy’s point is well taken. Nevertheless, probability measurement—with a specific focus on the state of subjective probability—within the field of mathematics education is reexamined employing the strategy of looking at dual classifications, as a starting point. 


In both the probability theory and mathematics education sections (and as was shown in table 1 and table 2) there is “rich” vocabulary in each field. Thus, attempting to align vocabulary between the two fields is an important aside to take, and is done so in table 3.

	Mathematics Education
	
	Probability Theory

	classical, a priori, theoretical
	
	classical, a priori, theoretical

	frequentist, a posteriori, empirical, experimental, objective
	
	frequency-type, a posteriori, objective, propensity, frequency

	subjective, Bayesian, intuitive, personal, individual
	
	belief-type, subjective, epistemic, personal, interpersonal


table 3. aligning probability measurement vocabulary


Emboldened in the table above is the terminology adopted by this paper to act as a communicational bridge between the fields of mathematics education and probability theory. Classical, frequentist, and subjective probability from mathematics education will correspond to classical, frequency-type, and belief-type probability in probability theory, respectively. 

The further distinctions of propensity and frequency, within frequency-type, and personal and interpersonal, within belief-type, probability do not have counterparts in mathematics education; but, counterparts in the field of mathematics education will be proposed in the paper, once the dual classifications in the field are examined further. Thus, for the moment, frequentist will align with both the propensity and frequency theories, subjective will align with both the personal and interpersonal theories, and their lack of counterparts will be symbolic of a first glimpse into the state of probability measurement in mathematics education. 

It should also be noted that the vocabulary alignment of the two fields does not imply that there no longer exist any nomenclatural issues, or are in a point to point correspondence (as evidenced by a lack of counterparts). In fact, and for example, as long as the definition of frequency-type probability has frequency as one of its theories, issues will remain. Nevertheless, this preliminary alignment allows the examination of dual classifications in mathematics education to commence.     

In order to get an accurate, and timely, portrayal of the major dual classification of probability measurement in probability education, we look, once again, to Jones, Langrall, and Mooney’s (2007) synthesis of probability research. A number of specific instances provide a suggestion for the major dual classification in probability measurement within mathematics education. For example:

· “Each of the three countries also incorporated elements of both the frequentist…and the classical approaches to probability measurement” (p. 912);

· “The strongest feature in all three middle school curricula is the focus on both the classical and the frequentist approaches to probability” (p. 913);

· “The emphasis is almost totally on classical (theoretical) and frequentist (experimental) approaches to probability measurement” (p. 914);

· “research on probability measurement has focused largely on the classical approach with some recent research beginning to emerge on the frequentist approach” (p. 925);

· Experimental Probability, Theoretical Probability and Sample Size (pp. 928-929);

Based upon the support presented above, it appears that the dominant fundamental distinction, in terms of probability measurement, in the field of mathematics education is between the classical and frequentist interpretations of probability, as seen in figure 1 (on p. 4). However, given the discussion of probability theory, we see that the dual classification into classical and frequentist is no longer as stark as it first appeared in the initial visit to probability measurement in mathematics education. 

Based upon the work within probability theory, the notion of frequentist probability possesses a further distinction, and the placement of classical probability is up for debate. Thus, the dual classification between classical and frequentist is now seen as a dual classification between (1) a more refined definition of frequency-type probability and (2) the unknown position of classical probability as frequency-type, or belief-type probability, or somewhere in between. 

The implicit state of classical probability theory in mathematics education is investigated first. Instead of inflexible claims as one or the other, probabilistic claims as to where the classical notion of probability should be situated will be considered. Again, the author contends that the probabilities are measured through personal belief-type probabilities, and leaves the question of whether or not interpersonal belief-type probability could apply instead, up to the reader. 

Based upon the earlier quasi-polysyllogistic argument presented in the probability theory section, there is a better chance that classical probability is subjective probability, rather than frequentist probability. Some interpret may interpret this statement as a rather bold claim. In actuality, the statement is made to bring forth the view that the probability measurement terminology in mathematics education is inadequate, which is a rather bold claim in itself. The debate over the placement of the classical interpretation of probability as either frequency-type or belief-type in probability theory converts to a debate over the placement of the classical (i.e., a priori) interpretation of probability as either frequentist (i.e., a posteriori) or subjective in mathematics education. Moreover, and temporarily, the argument is inhibited by a lack of counterparts to further distinctions utilized within probability theory. For example, based upon definitions of subjective probability found in mathematics education (e.g., Borovcnik, Bentz, & Kapadia, 1991; Hawkins, & Kapadia, 1984; Jones, Langrall, & Mooney, 2007), claiming classical probability is subjective probability implies that classical probability is aligned with personal belief-type probability. However, this is not what the author is claiming.

[image: image6.png]theoretical ‘mathematical
aspect aspect
belictype ‘ frequency-type ‘
probabliies ‘prababiliies
SUBJECTIVE: ' FREQUENTIST ‘
personal imer- | ["propensity | [ frequency
vaiaype | | pesonat | | frequency- | | frequency-
peitiype | | type type

CLASSICAL:




figure 6. mathematics education overlapped with probability theory


As shown in figure 6, the debate over whether classical probability is subjective or frequentist (i.e., belief-type or frequency-type) is less nuanced than when the debate occurred using the further dual classifications found with probability theory terminology. In other words, when the claim is made that classical probability is more likely to be subjective than frequentist, the distinction between the personal belief-type and the interpersonal belief-type probability is not taken into consideration, at least explicitly. Similarly, when considering whether classical probability is frequentist probability, the distinction between propensity and frequency theory is not taken into consideration. Moreover, and in both cases, the “order” that is inherent to the subjective, and frequentist probability is ignored. 

Thus, while the possible range of classical probability (from interpersonal belief-type to propensity frequency-type) still exists in the present argument, the current terminology associated with mathematics education only allows for classical probability to be posited between, or as one of, subjective probability and frequentist probability; and not to be rightfully expressed between, or as one of, an objective notion of subjective probability (i.e., interpersonal belief-type probability) and a subjective notion of frequentist probability (i.e., propensity frequency-type probability). Now that the first notion derived from the dual classification has been examined (i.e., the debate over classical notion of probability), attention now turns to addressing the further refined frequentist notion of probability in mathematics education. 

The more nuanced dual classification of frequentist probability brings forth the notion of an objective range to frequentist probability. Within the domain of frequency-type probabilities, propensity-type probabilities are considered more subjective than frequency frequency-type probabilities; and, moreover, the notion of increased objective objectivity is derived from less human involvement associated with the objectivity (e.g., personal probabilistic ranges associated with talking about one side of a coin being more likely than another, and personal involvement in an experiment). Even though the frequentist side of the major dual classification in mathematics education is now more nuanced, and the frequentist notion more aligned with propensity than with frequency frequency-type probabilities, the objective subtlety that exists is unable to be taken into account because of current mathematics education probability measurement terminology. More specifically, the lack of nomenclatural counterparts to propensity and frequency theory in mathematics education do not allow for the major dual classification between classical and a more subjective notion of frequentist probability, to be rightfully described.     
Based upon the argument presented, mathematics education’s dual classification between classical and frequentist probability, when further examined, is a dual classification falling somewhere within the range between inter-personal belief-type probability to propensity frequency-type probability, according to probability theory terminology. However, according to mathematics education terminology at present, the dual classification is defined between classical and frequentist probability, as shown in figure 7. Taking liberties with the mathematics education terminology, the dual classification is between an objective notion of classical probability and a subjective notion of frequentist probability.
[image: image7.png]theoretical ‘ ‘mathematical

aspect
belictype frequency-type ‘
probabliies ‘prababiliies
FREQUENTIST ‘
personal requency
wartype| requency-

Dusl Classification Rarge





figure 7. revisited dual classification of classical probability in mathematics education


While it has been argued that the classical notion of probability is belief-type probability, the very notion that the argument is probabilistic implies that there is a possibility that classical probability is not interpersonal belief-type probability. Moreover, given the range associated with classical probability the notion that classical probability exists between belief-type and frequency-type probabilities is now entertained, and there exists sufficient reason to do so.


While the dual classification into classical and frequentist interpretations is abundant in the literature, the connection between the two is also starting to gain momentum. Cases of this are found in Jones, Langrall, and Mooney (2007). For example:

· “the curricula highlight the determination of theoretical and experimental probabilities and also foreshadow the relationship between the two” (p.913);

· “…set the scene for an examination of recent research that focuses more explicitly on experimental probability measurement and the relationship between experimental probability, theoretical probability and sample size” (p. 925);

· Students’ Conceptions of Theoretical and Experimental Probability (pp. 946-947);


This connection between the classical and frequentist notions, which is further described as a connection between objective subjective (i.e., belief-type) probability and subjective frequentist (i.e., frequency-type) probability, has philosophical underpinnings that provide evidence for the placement of classical probability as existing between the two notions. The following is found in a translation of Plato’s allegory of the divided line and is related to the lower section of the intelligible world: “the use of visible diagrams and models as imperfect illustrations of the objects and truths of pure thought. Here is a sort of bridge carrying the mind across from the visible thing to the intelligible reality, which it must learn to distinguish” (Cornford, 1966, p. 223). Given “that cognitive research under the rubric of classical and frequentist probability is a key endeavor for the next period” (Jones, Langrall, & Mooney, 2007, p. 947), the positioning of classical probability, while still a matter of debate, based upon the points presented is posited in its tacit position between subjective and frequentist, to use mathematics education terminology.  

Now that the debate over classical probability is replete with critique over placement, whether it is a range or more specific, the issue surrounding the further distinctions of propensity and frequency within frequency-type probability, and the lack of counterparts in mathematics education is addressed. 


While a further distinction for frequentist probability in mathematics education will allow for a more in depth analysis, it can be argued that the same nomenclatural issues are still present one level further in the argument. In other words, the dual classification of propensity and frequency type probability is nothing more than another dual classification, and the rigidity issues of the framework still persist. Such is the nature of dual classification. For example, the notion of a range or spectrum of objective objectivity within the propensity and frequency frequency-type interpretations had to be explicitly discussed even though the terminology was further refined. 

In (1) attempting to better represent the debate over classical probability, (2) keeping with the historical theme of dual classification, and (3) attempting to provide more of a focus on the range associated with notion of objectivity within the frequentist interpretation, the author contends that the dual classification within frequentist probability for mathematics education occur between “artefactual” probability and “formal objective” probability. 

Gillies (2000) notion of artefactual probability is where “probabilities can be considered as existing in the material world and so as being objective, but they are the result of interaction between humans and nature” (p. 179). The notion of artefactual probability better encompasses, the debate on classical probability as existing in the range between objective subjective probability (philosophically seen as interpersonal belief-type) and subjective frequentist probability (philosophically seen as propensity frequency-type), and does so by providing sorely needed terminology for probability measurement in mathematics education. Also, the definition is more conducive to explaining the range of objectivity within frequentist probability, where objectivity is based on the interaction of humans and nature, and where more interaction whether physical or other implies less objectivity. Perhaps most importantly, this definition is chosen because it can be used as a theoretical framework for the impending focus on research concerning the relationship between classical and frequentist probability. 

On the other hand, formal objective probabilities will be presented as those that are independent of humans—to the greatest extent that they can be. Thus, while a dual classification has been presented, the classification can be seen as a broad spectrum (artefactual probability) and a more narrowly defined point (formal objective). In using artefactual and formal objective, the notion of objectiveness within objectivity can be addressed, and, further, is presented as increased objectivity when moving from artefactual probability to the notion of formal objective probability. These definitions are incorporated into figure 8.
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figure 8. artefactual and formal objective probability

As shown in the revisit to probability measurement nomenclature in mathematics education, even though a dual classification can be made, issues of terminology associated with further refinements in a definition, and a debate over probability categorization requires careful analysis. Nevertheless, frequentist probability and classical probability have been posited. As such, attention turns to…the debate…over subjective probability.

Subjective Probability


According to Jones, Langrall, & Mooney’s (2007) synthesis, this author argues that the state of subjective probability is, interestingly, subjective. For example:

· “Some evidence…suggests that children can use knowledge of beliefs about levels of confidence in dealing with subjective probability” (p. 913);

· “With respect to subjective probability, the Australian and United Kingdom documents relate it to social contexts” (p. 913);

· “only the Australian document alludes to subjective probability” (p. 914);

· “The area of subjective probability is more problematic. Even though it is commonly used by people in everyday reasoning, the fact is that it is not widely represented in mathematics curricula means that there is less immediate interest on the part of researchers to investigate this aspect of probability measurement” (p. 947).


While researchers in mathematics education are cognizant of the proper definition of subjective probability, and while a unified definition for subjective probability exists, the author contends that there is no unified definition for subjective probability in mathematics education; and, moreover, there exists a multitude of reasons for this occurrence. In line with this point of view, subjective probability in mathematics education is explored.


As noted, in probability theory, as in mathematics education, whether classical probability is a subjective or frequentist interpretation is a matter for debate. Similarly, in mathematics education the notion of the subjective interpretation is up for debate as well, i.e., “the area of subjective probability is more problematic” (Jones, Langrall, & Mooney, 2007, p. 947). However, and further complicating the issue, the debate over subjective probability is encompassed within the debate over classical probability. In other words, the state of subjective probability will be dependent upon the state that is associated with the classical notion of probability. However, this is not the only issue associated with the state of subjective probability in mathematics education.


The state of subjective probability in mathematics education is not only influenced by philosophical underpinnings, but by the field of psychology, as well. More specifically, “[t]he research of psychologists Daniel Kahneman and Amos Tversky…has provided mathematics educators with a theoretical framework for researching learning in probability” (Shaughnessy, 1992, p. 470). Their use of the word subjective probability is as follows:

We use the term “subjective probability” to denote any estimate of the probability of an event, which is given by a subject, or inferred from his behavior. These estimates are not assumed to satisfy any axioms of consistency requirements. We use the term “objective probability” to denote values calculated, on the basis of stated assumptions, according to the laws of the probability calculus. It should be evident that this terminology is noncommittal with respect to any philosophical view of probability (Tversky & Kahneman, 1982, p. 32, this author’s bolding).

The state of subjective probability in mathematics education is based upon (1) the relative positioning based on the debate over whether classical probability is subjective or frequentist, and (2) a stance noncommittal to any philosophical interpretation of probability. In order to begin an exploration of the state of subjective probability, the rigidity of the nomenclature used must first be addressed. For now, the further distinction into personal belief-type and interpersonal belief-type probability will be adopted.


Based upon the discussion of the state of classical probability existing as either interpersonal belief-type or somewhere between interpersonal belief-type and artefactual frequency-type, would imply that there is a better chance (measured subjectively as before, and with the same question for the reader applying) that subjective probability is personal belief-type probability than interpersonal belief-type probability. This claim takes into account the objectivity inherent to probabilities—where personal belief-type probabilities are less objective than interpersonal belief-type probabilities, but, nevertheless, are subjective. Furthermore, based upon the subjective probability definition from the field of psychology, subjective probability is denoted as one “given by a subject,” which would imply that there is a better chance the state of subjective probability is personal rather than interpersonal. Both points are put forth to assert that the state of subjective probability in mathematics education is better described as personal subjective (i.e., belief-type) probability. Examination of definitions of subjective probability lends credence to this claim. For example:

· “subjective probability, describes probability as a degree of belief, based upon personal judgment and information about an outcome” (Jones, Langrall, & Mooney, 2007, p. 913);

·  “In this subjective view, what is random for one person might be nonrandom for another…a degree of uncertainty specific for each person” (Batanero, Henry, & Parzysz, 2005, p. 24);

· “The basic assumption here is that subjects have their own probabilities which are derived from an implicit preference pattern between decisions” (Borovcnik, Bentz, & Kapadia, 1991, p. 41);

· “to a greater of lesser extent the probability is an expression of personal belief or perception” (Hawkins, & Kapadia, 1984, p. 349).


According to the definitions, the notion of subjective probability, while not distinguished between personal or interpersonal in mathematics education, has a greater chance of meaning personal subjective probability. However, if the terminology adopted does not exist in the field of mathematics education, the subtlety may remain unaddressed. As such, and as presented with the frequentist probability refinement in mathematics education, the probability measurement terminology of subjective probability that exists in mathematics education can also be further nuanced, and in doing so will, arguably, include a number of benefits. 


A further nuanced definition of the subjective interpretation will allow for a more appropriate placement of classical probability between subjective or frequentist probability, and align with the implicit definition of classical probability where people “regard probability relations as existing in a kind of Platonic world whose contents can be intuited by the human mind. Thus, this kind of theory, though epistemological takes probabilities to be in some sense objective” (Gillies, 2000, p. 20). Directly related to this more refined placement of classical probability, the objectivity associated with subjective probabilities will also be able to be addressed, i.e., whether or not the subjective probability being discussed is more closely aligned to personal or interpersonal subjective probability. Further, relative positioning inherent to the subjective debate being based on the classical debate will be able to be addressed. For example, if classical probability is more likely to lie solely in the range of interpersonal subjective probability then subjective probability will more likely lie in personal subjective probability; however, if classical probability is more likely to be considered to be placed between the interpersonal belief-type and artefactual frequentist-type, more objectivity in the personal belief-type probability will be able to be entertained. Consideration of what the dual classification should be called and possible ramification is now discussed.


There are a number of issues associated with the use of the word subjective that need to be addressed. As Gillies (2000) points out:

The difficulty with this terminology is that the ‘subjective’ interpretations of probability include both the subjective theory of probability, which identifies probability with degree of belief, and the logical theory, which identifies probability with degree of rational belief. Thus, subjective is used both as a general classifier and for a specific theory. This is surely unsatisfactory (p. 19).


This notion is not unique to subjective probability. In fact, the same issue exists for “frequency” interpretations. For example, frequency-type probabilities, the general classifier, have frequency probabilities, the specific theory. However, the terminology adopted earlier of artefactual and formal objective probability for the frequentist general classifier may help with the “confusion.”


The case of subjective probability in mathematics education is slightly different. The use of the word subjective is mathematics education has a concurrent definition. Subjective probability is used as a general classifier in the sense that it refers to belief-type probabilities, but at the same time, and once further examined, subjective probability refers to the personal belief-type probability theory. However, adoption of the dual classification into personal and interpersonal probability: (1) is nothing more than another dual classification, where the rigidity issues of the framework still persist, (2) does not address the specific attention to terminology, which must also be taken into consideration (i.e., subjective probability already permeates the mathematics education literature), and (3) does not accurately reflect the debate over classical probability


In order to address the issue presented, two options are taken into consideration. First, subjective probability can maintain its status as a general classifier and the theory element to subjective probability can be further refined. Second, subjective probability can maintain its status as a specific theory and the general classifier can be changed. This author proposes the former point be adopted, as it is easier to further refine definitions underneath a classifier rather than to keep a theory and rename the general classifier. In other words, the author proposes subjective probability, from this point on, take the status of a general classifier in accord with belief-type probabilities; and, when subjective probability theory is under discussion a further distinction must be made.


The decision to adopt subjective probability as a general classifier is nothing more than the lesser of two evils. Unfortunately, a change such as this is not backwards compatible in the literature. Individuals reading prior mathematics education research concerning subjective probability will still have to be cognizant that subjective probability was used as both a general classifier, and a specific theory. Moreover, the reader will have to determine which sense of the word was being employed, and if the use of the word is evoking the specific theory, and not the general classifier; it is also important for the reader to determine whether the personal or interpersonal use of the theory is being discussed. In order to aid in distinguishing, between (1) classifier and theory, and (2) the notion of objectivity inherent to subjective probability, adoption of two new terms under the general classifier of subjective probability will be presented.

The author proposes that in order to better incorporate the inherent debate over subjective probability, the distinction be made in mathematics education between intrasubjective probability and intersubjective probability. While a dual classification has occurred within subjective probability—into intrasubjective and intersubjective—the traditional extremes associated with dual classifications are relaxed in the definitions chosen in order to overcome the nomenclatural issues inherent to further dual classifications. Intrasubjective probability is aligned with the philosophical notion of personal belief-type probability, which can be seen as the current implicit definition of subjective probability that exists in mathematics education. However, intrasubjective is seen more as an extreme, and thus more of a point of philosophical reference, rather than a continuum; and intersubjective probability, on the other hand, is seen more as a continuum. Use of intersubjective can be considered as somewhat aligned with the interpersonal belief-type probability seen in probability theory, and in the classical theory debate. However, intersubjective is used more in a literal sense in terms of states of overlapping subjectivity. This notion of intersubjective falls in line with Gillies (2000) definition where “probabilities represent the degree of belief of a social group which has reached a consensus” (p. 179). Thus the rigidity of interpersonal belief-type probability—where all humans given the same degree of evidence would arrive at the same degree of belief—is not adopted, but rather used as one end of the continuum of interpersonal subjective probability (more of a literal sense of Gillies definition allows for a range of objectivity within the subjective notion of probability). Moreover, objectivity increases as one moves from intrasubjective to intersubjective, and within intersubjective. With the adoption of intrasubjective and intersubjective probability within the general classifier of subjective probability, specifics associated with subjective probability once unavailable due to mathematics education terminology can now be examined. Adoption of this new terminology is integrated into figure 9.
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figure 9. proposed mathematics education nomenclature refinements


As shown, the nature of dual classification in probability is a feature that runs deep. However, further dual classifications do not necessarily address inherent issues. For example, the dual classification of frequency-type probability into frequency and propensity possesses nomenclatural issues, because the term frequency has two meanings (similarly for subjective). Moreover, further dual classifications do not take theoretical debates and relative positioning based on order into account. In order to address these points, the notions of intrasubjective, intersubjective, artefactual, and formal objective have been proposed. The author contends that the adoption of the terms intersubjective and artefactual probability more accurately represent the ongoing debate of over the relative position of classical probability. Also, adoption of the terms intrasubjective and formal objective, while halves of dual classifications, represent philosophical bookends to the classical probability debate. 
Discussion and Conclusion
Probability education literature is littered with calls put forth for probability measurement unification. Unfortunately, as the years pass on, the call put forth remains the same. For example: “the three approaches need to be blended together” (Hawkins, & Kapadia, 1984, p. 372); “I would advocate a pragmatic approach which involves modeling several conceptions of probability” (Shaughnessy, 1992, p. 469); “teaching cannot be limited to one of these different perspectives” (Batanero, Henry, & Parzysz, 2005, p. 31); “this research advocates a richer understanding of…a more unified development of the classical, frequentist, and subjective approaches to probability” (Jones, Langrall, & Mooney, 2007, p. 949).  Given the number of dual classifications presented in this paper, Hacking’s (1975) argument that the slow emergence of probability being based on its Janus-faced nature seems to fittingly apply to this slow emergence of probability measurement unification in mathematics education. However, and as presented, issues inherent to probability measurement nomenclature are also playing a role in this slow emergence.

The following statement is exemplary of the issues surrounding probability measurement—and more specifically subjective probability—nomenclature: “We think it is timely for researchers in mathematics education to examine subjective probability and the way that students conceptualize it” (Jones, Langrall, & Mooney, p. 947, this author’s italics). While the author does not contend with the point presented he wishes to draw attention to the two uses of the word subjective probability made in the same sentence. More specifically, stating that “it is timely for researcher in mathematics education to examine subjective probability,” implies subjective probability is being used in the sense of a general classifier; and when stating “the way that students conceptualize it,” implies it, or subjective probability, is being used in the sense of a specific theory. Given the current state of probability measurement terminology discerning which meaning of subjective probability is being employed is left to the reader. 

Shaughnessy (1992) notes that “if as we encounter new stochastic challenges…our current set of stochastic models proves inadequate, a new paradigm for thinking about probability will have to evolve” (p. 469). In line with this point of view, the author has proposed an evolution of the frequentist and subjective notions of probability measurement for mathematics education. For example, subjective probability has been suggested as a general classifier, and the specific theory of subjective probability is refined to intrasubjective and intersubjective. As a result Jones, Langrall, & Mooney’s (2007) statement becomes: “We think it is timely for researchers in mathematics education to examine subjective probability and the way that students conceptualize [intrasubjective and intersubjective probability]” (p. 947). Further, based on the current state of probability education research, the impending attempt to unify the classical and frequentist probability perspectives also implies that it is just as timely for researchers in mathematics education to examine artefactual probability. Recognition of both the former and the latter points will be an attempt to truly unify probability measurement in mathematics education.    
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